We show that it is possible to restore the symmetry associated with the Goldstone mode within the Self Consistent Random Phase Approximation (SCRPA) applied to the three-level Lipkin model. We determine one and two-body densities as very convergent expansions in terms of the generators of the RPA basis. We show that SCRPA excitations correspond to the heads of some rotational bands in the exact spectrum. It turns out that the SCRPA eigenmodes for N = 2 coincide with exact solutions, given by the diagonalisation procedure.
I. INTRODUCTION
The Random Phase Approximation (RPA) is one of the most popular microscopic approaches to describe collective excitations in interacting many body problems [1, 2, 3, 4, 5] . For example it is widely used in condensed matter physics [2, 3, 4] , mainly to calculate the excitation spectrum via the linear response function. However, RPA is equally common in nuclear physics and other systems of finite size like cold atoms in traps [5, 6, 7] , or metallic clusters [8] , etc. In these various fields RPA has slightly different meaning. We here will use it in the most general sense, like it is mostly employed e.g. in nuclear physics, including exchange, as it appears in linearising the time dependent Hartree-Fock equations around equilibrium [1, 5] . Besides its relative simplicity, both conceptually and for numerical applications, RPA also has very desirable properties: when it is evaluated in the Hartree-Fock (HF) basis, then the f-sum rule and conservation laws are fulfilled, even and in fact most importantly in cases with spontaneously broken symmetries. For example in nuclear physics, where HF always breaks translational invariance, the corresponding RPA restores the symmetry in producing a Goldstone mode at zero energy [1, 5] . The same happens when other symmetries, like rotation (deformation) and particle number symmetries (superfluidity) are broken. Unfortunately, when going beyond the HF-RPA scheme, the situation with respect to symmetry restoration and conservation laws is much less clear. Though there exists the well-known concept proposed by Kadanoff and Baym of the Φ-derivable functional [9] , which formally maintains all these properties, in practice any approach beyond HF-RPA faces serious difficulties. This stems essentially from the fact that in this scheme going beyond RPA is equivalent to introduce an integral kernel depending on more than one energy variable corresponding to the s,u, and t-channels of relativistic field theory. This then complicates the numerical task enormously.
On the other hand, in certain circumstances one has to go beyond RPA because this approach also has a number of inherent quite severe drawbacks. For example it is well known that RPA violates the Pauli principle (the famous "quasi boson approximation"). This can induce strong errors and even give rise to qualitatively wrong results, as for example in the multilevel pairing Hamiltonian with Kramer's degeneracy, which is very much used recently for the description of superconducting nano grains [10] .
A related problem which immediately appears when giving a close look to RPA is its lack of consistency. For example in the bubble summation one calculates the correlation energy of an electron gas [4] but in the RPA-equation occupation numbers n (0) k = {0, 1} are used which correspond to an uncorrelated (HF) ground state. It seems obvious that, at least for the occupation numbers, a correlated ground state should be used. The corresponding approach already will contain RPA correlations self-consistently. This has become increasingly popular in recent years, and it has been called renormalised RPA (r-RPA) [11, 12, 13] . Lately r-RPA was widely and successfully used in describing the double beta decay process [14, 15, 16] and the electronic properties of the metal clusters [8] .
In fact r-RPA is an approximation to a more general extension of the RPA which is called Self-Consistent RPA (SCRPA) [17] , or also Cluster Hartree-Fock (CHF) [18] .
We recently had quite remarkable success with SCRPA in a number of non trivial problems [10, 19, 20] . In this paper we will specifically investigate the properties of SCRPA with respect to conservation laws and restoration of symmetries, the fulfilement of which is, as already mentioned, one of the outstanding aspects of standard RPA theory. It will be shown that for a wide class of symmetries SCRPA can be formulated in such a way that it also maintains these properties of standard RPA. This is to be considered as a strong advantage over other extensions of RPA because SCRPA, though much more demanding numerically than standard RPA, leads to an (nonlinear) equation of the Schrödinger type which seems to be accessible for a numerical solution. The restoration of symmetries within SCRPA is directly linked to the consideration of the so-called "scattering" terms and we will discuss their significance in detail.
Here we will demonstrate those properties of SCRPA in an exactly solvable three level Lipkin model [21, 22] , which can also be interpreted as an interacting spin problem with two sites. Recently this model was investigated within the multistep variational approach [23] and the r-RPA formalism [24] . This model has the property that, as swon in Ref. [25] , once the two upper levels become degenerate, a continuously broken symmetry develops beyond a certain critical coupling which can be considered as a deformed state with broken rotational symmetry. We will show that SCRPA, as standard RPA, will develop a zero mode (Goldstone mode) beyond a critical coupling, thus exactly restoring the original invariance of the Hamiltonian.
We also will see that SCRPA yields much improved solutions which we will compare with the ones obtained from an exact diagonalization. For the two particle case SCRPA even reproduces the exact results. In detail the paper is organized as follows. In Section 2 we give a short description of the SCRPA and emphasise the main differences with respect to r-RPA. We outline here and in the Appendix B the method to determine the one and two-body densities. In Section 3 we give some numerical examples concerning especially the Goldstone mode. In Appendix A we describe a very efficient procedure to solve SCRPA as a system of coupled equations, based on r-RPA as a first step. In the last Section we draw our conclusions.
II. THEORETICAL BACKGROUND
Let us consider a many body system of fermions characterized by n + 1 single particle levels, labelled α = 0, 1, 2, ..., n. We define the "quadrupole-like" basis operators of this model
where c † αµ denotes the creation operator of a fermion on some α-th level. We suppose the levels degenerate, the total number of projections µ being N = 2Ω. The operators (2.1) satisfy simple commutation rules, namely
We will consider the following general Hamiltonian built on these operators
We have chosen in our numerical application the three-level Lipkin model, with n = 2, corresponding to the SU(3) algebra. This model has been widely used in order to test different many-body approximations [21, 22, 23, 24, 25] . In analysing this model we have used a particular form of the Hamiltonian (2.3), namely
It is a particular case of the Hamiltonian used in Ref. [26] and it is analyzed in detail in Ref. [25] in connection with a continuously broken symmetry which appears, as already mentioned, when
We will analyze the SCRPA in order to obtain the excitation energies and we will compare the results with the r-RPA scheme as well as with the exact results, obtained by the diagonalization procedure.
We recall that both SCRPA and r-RPA schemes involve several common steps, namely [28] A) One finds the minimum of generalised mean field equations coupled to the RPA fluctuations. B) One determines the RPA eigenstates.
C) The RPA amplitudes are used to compute one and two-body correlated densities. At this step r-RPA supposes a factorisation for the two-body densities, while SCRPA uses a fully correlated approach.
The amplitudes are used to iterate the steps A, B and C until the convergency is achieved. In the following we will shortly describe this procedure.
A. Mean field
As a first step in both SCRPA and r-RPA schemes we set up the generalised mean field equations. To this purpose let us introduce fermion creation operators in a general single particle basis as follows 5) where the supposed real transformation matrix is orthogonal. The unity matrix for C kα corresponds to a "spherical" minimum, while a non-diagonal transformation corresponds to a "deformed" one. According to Ref. [25] for the three-level Lipkin model the above real matrix can be written as a product of two rotations, i.e.
The basic operators (2.1) are replaced in this new basis by similar combinations of the new operators (2.5)
By using the inverse transformation of (2.5) the Hamiltonian (2.3) takes the following form in the new basis 8) where the coefficients are given respectively by
The expectation value of the Hamiltonian (2.8) with the correlated vacuum |0 has the form
where we introduced one and two-body densities as follows
In order to derive the Mean Field (MF) equations let us now consider the following restricted functional
We below will show that the terms with non-diagonal densities αβ vanish because they contain generators of the RPA basis, which can be inverted in terms of SCRPA annihilation phonons acting on the vacuum state. The extremum condition
leads to the following system of equations
where we introduced as short-hand notation
By inserting a formal summation µ δ nµ and using the orthonormality condition for the MF amplitudes one obtains an eigenvalue problem
We solve this system to determine the eigenvalues E α and eigenvectors C mα for α = 0, 1, . 
is written in terms of the eigenvectors and therefore it should be solved iteratively. For the "dynamic minimum" the iterative process is more complex because it involves the correlated vacuum, i.e. RPA amplitudes. As an initial solution we can consider the standard HF problem, leading to a decoupled form for the two-body matrix elements
With ii ≡ ρ (0) i = {1, 0}, one obtains directly from Eq. (2.14) the standard system of HF equations
where
nm are the elements of the HF Hamiltonian, which we will give for a particular interaction considered in our numerical application. However, in general, it is not necessary to consider the kk in (2.18) as uncorrelated. With correlations included Eq. (2.18) will lead to the so-called renormalised RPA (r-RPA) (see below).
B. SCRPA equations
The procedure to derive the system of RPA equations is given in many textbooks, see e.g. [1, 5] . Here we will shortly recall the main steps in order to introduce the necessary notations. To this purpose we use the equation of motion technique. The SCRPA creation operators are defined by the following superposition of the basic pair generators
These operators are written in the MF basis as follows
and define the excited states
The RPA annihilation operators define a vacuum state, i.e.
It is important to stress that we used the letters m and i not for labelling holes and particles, but only to remember the condition m > i as written in (2.20) . In this way we include in the basis all possible particle-hole (ph) and also the so called "scattering" elements with particle-particle (pp) and hole-hole (hh) configurations. This type of amplitudes is absent in standard RPA and we will have to discuss their significance in the course of the present paper. It has been recently shown that the inclusion of scattering terms allows to fulfil the energy weighted sum rule in the renormalised RPA (r-RPA) [27] and they may therefore be of importance.
The normalisation factor in (2.21) is given by the following mean value on the selfconsistent vacuum
We then evaluate the mean value of the double commutator between the Hamiltonian and the phonon operator (2.20) [28] . One obtains in this way the SCRPA system of equations 25) where the matrices are given by the well-known relations
Additionally we have the generalised mean field equations (2.13), which with (2.23) can also be written as
The amplitudes satisfy usual normalisation and completeness conditions
For the general Hamiltonian (2.8) one obtains the following form of the SCRPA matrices
where we used the following short-hand notation
The r-RPA differs from the SCRPA procedure in the way to determine the two-body densities. By using the factorised ansatz (2.18) one obtains the r-RPA matrices
where we used the following notations
and
With the help of the MF equation (2.19) one obtains that
mn is diagonal, i.e.
We should stress that the occupation numbers appearing in (2.33) are calculated, as will be explained later, with the correlated vacuum and therefore (2.34) is not equivalent to standard HF, even within the r-RPA scheme. For r-RPA amplitudes with respect to the initial basis A mi
one obtains expressions with no phase space factors concerning the indices m, i, i.e. there appear no occupation numbers
where we defined the new amplitudes
We mention here that the r-RPA amplitudes defined by Eqs. (2.35) and (2.37) are very important in solving numerically the SCRPA system of equations using the two-step method described in the Appendix A.
C. SCRPA densities
In order to estimate the expectation values of the one-body density operators within the SCRPÂ
we need a special procedure. In the following we propose a method which is more convergent than the standard expansion in terms of phonon operators (2.20) . To this purpose let us introduce the shell model basis, but in the MF representation and which do not necessarily correspond to the HF basis, as we see in (2.16)
where |M F corresponds to a Slater determinant built with operators (2.5). Within this complete basis we can expand a general combination of one-body densitieŝ
where k 0 , k 1 , k 2 are some given exponents. The connection between the b and c coefficients is given by iterating the resolution of the unity. This method is used in Ref. [30] and [31] . For us it is important to find the coefficients c n1n2 (k 0 k 1 k 2 ) and we will use a more direct technique. To this purpose we need the expectation values of the operators (2.40) on the correlated vacuum |0 . They are calculated by using the inversion of (2.20). One obtains
where the normalisation factor N mi is given by (2.24). For instance in the case of products of two operators one obtains the following relations for m > i, n > j
We mention that these relations can be directly used to express some of the SCRPA matrix elements in terms of RPA amplitudes. One finally obtains from (2.40) a nonlinear system of equations, determining the normalisation factors N 10 , N 20 . It is given in the Appendix B in terms of expansion coefficients defined by Eq. (2.40). These coefficients are fast decreasing with increasing n 1 + n 2 . One can see from the Table 2 that already the linear approximation, i.e. n 1 + n 2 ≤ 1, ensures an accuracy of the order 10 −2 . In this case one also directly obtains the one-body densities
Based on this result one may hope that also for a more realistic n + 1-level model one can expand the product of densities in the ph "shell-model" basis, i.e.
In order to apply the SCRPA and r-RPA procedures it is convenient to start iterations using standard HF and RPA solutions. To this purpose let us first evaluate the expectation values of the one and two-body operators on the standard HF vacuum
We stress that the two-body density has the same form as the factorised ansatz (2.18). The expectation value of the Hamiltonian (2.4) then becomes
where we introduced the following dimensionless notations
The Hamiltonian (2.4) has two kinds of HF minima, namely a spherical minimum and a deformed one
Moreover, our calculations have shown that for any MF minimum one obtains ψ = 0, defined by the parametrisation (2.6), independent of which kind of vacuum (correlated or not) we use to estimate the expectation values.
B. Standard RPA
For the above mentioned minima we obtain that the standard RPA matrix elements have very simple expressions. By using the following short-hand notation for the index pairs
one obtains [25] A 11 = ǫ(e 1 − e 0 )cos 2φ + ǫ 3 2 χsin 2 2φ ,
Therefore the A and B RPA matrices are diagonal. The RPA frequencies are easy to estimate
and the amplitudes become
We fix the origin of the particle spectrum with e 0 = 0. Then for a spherical vacuum φ = 0 the RPA energies are given by
with the corresponding RPA amplitudes
As it was shown in Ref. [25] , if the upper single particle levels are degenerate, i.e. ∆ǫ ≡ ǫ 2 − ǫ 1 = 0, for the values of the strength χ > e 1 , in the "deformed region", i.e. with φ = 0 given by HF minimum, one obtains a Goldstone mode. In this case by considering e 1 = 1 one obtains for the excitation energies
Indeed, in Fig. 1 by dashed lines are plotted standard RPA excitation energies versus the strength parameter χ, by considering the number of particles N = 10. For χ < 1 (spherical region) the eigenvalues ω 1 , ω 2 are degenerate, while for χ > 1 (deformed region, φ = 0) the second mode ω 2 has a vanishing value, i.e. it corresponds to the Goldstone mode. In this case the amplitude of the non-vanishing mode are given by
The corresponding amplitudes for the Goldstone mode are given by
A similar plot for N = 20 is given in Fig. 2 .
It is possible to find the exact eigenstates of the three-level Lipkin Hamiltonian (2.4) by diagonalizing it in the following normalized basis
In this paragraph we will pay special attention to the spherical case φ = 0, with N = 2, i.e. the twoparticle case. The above diagonalisation basis contains 6 elements with n 1 + n 2 ≤ 2. The calculation shows that the non-vanishing components of the ground state are |n 1 n 2 = |00 , |20 , |02 . The first two excited states contain only |10 and |01 components, respectively. This fact suggests that we can consider the two component phonon, with components (10) → 1, (20) → 2. The corresponding SCRPA vacuum state has the following form
By using the action of the annihilation operator on the vacuum (2.23) one obtains for the coefficients
The one-body densities and their products can be expressed in terms of the vacuum amplitudes as follows
The SCRPA matrix elements of the Hamiltonian (2.4) can be directly evaluated by computing double commutators expectation values with respect to the vacuum. It turns out that they are diagonal and therefore the two eigenstates are decoupled. This allows us to express in a simple way the coefficients entering the vaccuum state
The SCRPA matrix elements have the following form
The matrix elements of the Hamiltonian with respect to the above vacuum give the ground state energy as follows
The SCRPA equations lead to the following nonlinear system of equations for z 1 , z 2
We solved this system by using the Newton procedure with a precision of 10 −8 . The results for both eigenvalues and amplitudes coincide with the exact values using the diagonalisation procedure, independent of the used coupling constant χ and single particle energies. In Table 1 we give the coefficients a k , k = 0, 1, 2, the ground state energy and the excitation energies ω k , k = 1, 2 for χ = 5, e 0 = 0, e 1 = 1, e 2 = 2, ǫ = 1 M eV . The two lines correspond both to the exact and SCRPA values and they fully coincide. Therefore it is possible to construct the SCRPA ground state and excitations, which actually coincide with the exact solution. The inclusion of the third component (21) in the structure of the vacuum state for N = 2 gives a vanishing coefficient and therefore it is not necessary to consider it in this case. Table 1 The vacuum coefficients a k , k = 0, 1, 2 in (3.15), the ground state energy and the excitation energies ω k , k = 1, 2 at χ = 5, ǫ n = n M eV, n = 0, 1, 2 for the exact and SCRPA values. For N > 2 the equation (2.23) leads to a system where the number of conditions exceeds the number of coefficients. In order to find the SCRPA ground state by satisfying the condition (2.23) it is necessary to enlarge the basis, by considering e.g. for N = 4 two particle-two hole(2p-2h) excitations together with the (21) component. Recently similar conclusions were obtained for the many level pairing model in Ref. [10] .
As a matter of fact it is easy to convince one self that SCRPA is able to give the exact solution of any two-body problem. The ground state of a general two particle system can be written as
where the 2p-2h coefficients obey the following symmetry relations
Applying the vacuum condition (2.23) on this state one obtains 25) which implies that
Since we have now expressed the exact ground state in terms of the SCRPA amplitudes, we also can deduce that the SCRPA excitation energies are the exact ones because the RPA destruction operator can be written as Q ν = |0 ν|, where |ν are the exact state vectors of the two particle excited states. On the other hand Q † ν = |ν 0| fulfils exactly the SCRPA equation of motion (2.25). We therefore see that SCRPA solves a general two particle problem exactly as long as one can define a Fermi surface. This, however, should in principle always be possible in putting the two particle system in an external box potential with or without periodic boundary conditions and solve the SCRPA equations in the limit of an infinitely large box.
D. SCRPA in the spherical region
Let us first discuss the SCRPA results in the spherical region, i.e. the region where the generalised mean field equation (2.14) has only the trivial solution φ = 0. In comparison with standard HF this region is strongly extended. The content of the spherical region depends on the particle number. We have seen that for N = 2 the spherical region covers all values of χ, since we obtained the exact solution. For N = 10 or N = 20 the spherical region is typically extended by a factor of two. This comes from the selfconsistent coupling of the quantal fluctuations to the mean field.
Let us now consider the definite example e 0 = 0, e 1 = 1, e 2 = 2 for N = 20. In Fig. 3 we show by dashed lines the SCRPA results for the excitation energies, compared with the exact ones (solid lines) and to standard RPA (dot-dashes). We see that SCRPA strongly improves over standard RPA and in fact first and second excited states are excellently reproduced up to χ-values of about χ ≈ 1.2. The third state has no analogue in standard RPA and must therefore be attributed to the scattering configuration (21) . The SCRPA solution for the the third eigenvalue definitely seems to approximate the fifth exact eigenvalue in the range 0 ≤ χ ≤ 1.0. The fifth eigenvalue has mainly a 2p-2h structure and it seems natural that the inclusion of scattering terms allows to reproduce such states, since e.g. a † p a p ′ in a boson expansion picture is represented by a 2p-2h configuration, i.e. 27) where B ph are ideal boson operators (see [5] , Ch. 9). The fact that SCRPA, via the scattering terms, is able to describe states of the 2p-2h type is very satisfying and in a way astonishing. Indeed the single particle energy differences which correspond to the a † p a p ′ configuration are e p − e p ′ and in our example this gives e 2 − e 1 = 1. One should have thought that for χ → 0 the third eigenvalue goes to one. In fact it can be shown that for χ strictly zero, the third eigenvalue is one. However, this is a singular point and for any finite value of χ the third SCRPA root jumps to the values shown in Fig. 3 . A closer inspection reveals that this latter feature is entirely due to the genuine two-body correlations contained in SCRPA, because in the r-RPA the third eigenvalue is completely modified and indeed stays close to e 2 − e 1 = 1. We repeated the calculation for ∆ǫ = e 2 − e 1 = 0.001. In Fig. 4 for N = 10 and Fig. 5 for N = 20 we see that the scenario concerning the third eigenvalue stays practically unchanged and, therefore, this seems to be a quite robust feature. In Fig. 6 we show the r-RPA solution for the ∆ǫ = 0.001 case. Indeed there, in the spherical region, a very low-lying third eigenvalue appears which is of the order ∆ǫ and thus not distinguishable from the abscissa on the scale of the figure. We therefore see that the genuine two-body correlations have dramatic effect in order to restore the situation for the third eigenvalue.
It is also interesting to investigate the influence of the scattering terms on the other SCRPA eigenvalues. We therefore performed the calculation switching off the (21)-component in the SCRPA equations for N = 10 case. In Table 2 we give the results. It is seen that the influence of the scattering terms on the first and second SCRPA eigenvalues is very weak.
Table 2
The eigenvalues for the two-dimensional ω (2) k , k = 1, 2 and three dimensional ω (3) k , k = 1, 2, 3 versions of the SCRPA versus the strength χ (first column) in the spherical region. The particle number is N = 10 and ǫ n = n M eV, n = 0, 1, 2. In the columns 2-4 are given the exact solutions ω k , k = 1, 2, 5. In the last columns are given ground state energies for two-dimensional and three-dimensional SCRPA and exact values, respectively. In Figs. 7 and 8 we show the SCRPA groundstate energies for N = 10 and N = 20, respectively as a function of the angle φ representing the mean field transformation. We take ∆ǫ = 0.001. We see that for a large plateau of χ-values the minimum stays at χ = 0. This region is more or less enhanced by a factor of two, compared with standard HF theory, where the φ = 0 minimum ceases to exist at χ = 1. In SCRPA, after the φ = 0 solution is finished, the system jumps in a discontinuous manner to the "new" deformed solution. This discontinuity is clearly seen in Figs (dashed line) and compare it with the exact values (solid line) and standard RPA (dot-dashed line). The full 3x3 SCRPA with the scattering terms was used. We see a strong improvement of SCRPA versus standard RPA in the transition region where standard HF switches from the spherical to deformed regime. Beyond this transition point SCRPA stays spherical and slightly overbinds whereas standard RPA goes deformed and slightly underbinds. From the point where also SCRPA jumps to the deformed solution, standard and SCRPA give almost identical correlation energies.
E. SCRPA in the deformed region
In the deformed region a particular situation arises in our model for ∆ǫ = 0, since, as already mentioned, a spontaneously broken symmetry occurs in this case. Here the standard HF-RPA exhibits its real strength because, as shown in (3.11), a zero mode appears which signifies that the broken symmetry is restored, i.e. the conservation laws are fulfilled [1, 5] . We will now demonstrate that this property is conserved in SCRPA (with scattering terms). In this context we mention that the symmetry operator 28) which commutes with the Hamiltonian, can be identified with the z-component of the rotation operator. This operator contains scattering terms which are, however, also present in our RPA-ansatz and therefore we can expect that (3.28) is a particular RPA operator with a zero eigenvalue solution in SCRPA, very much in the same way as this is the case in standard RPA. The numerical verification of this desirable quality of SCRPA must however be undertaken with care. Indeed, a zero mode contains diverging amplitudes which, injected into the SCRPA matrix, may not lead to selfconsistency. The way to overcome this difficulty is to start the calculation with a finite small value of ∆ǫ, i.e. with a slight explicit symmetry breaking, and then to diminish its value step by step. We, in this way, could verify with very high accuracy that the zero eigenvalue occurs in the deformed region for all values of the interaction strength χ. This is shown in Fig. 4 by a solid line for N = 10 and Fig. 5 for N = 20. Here we considered the value ∆ǫ = 0.001, but we were able to reach the value ∆ǫ = 10 −6 . In spite of this clear appearance of the Goldstone mode, which only shows up when scattering terms are included and the generalised mean field equation (2.14) is solved selfconsistently with the SCRPA equations, the spectrum in the deformed region needs some discussion and clarification. First of all one notices a discontinuity when passing from the spherical to the deformed region. This feature of deformed SCRPA has been already noticed earlier with other models: the two level Lipkin model [28] and the two level pairing model [29] . It is reminiscent of a first order phase transition which, however, is absent in the exact solution.
Furthermore the second SCRPA eigenvalue seems too low compared with the exact solution and also, astonishingly, with respect to the standard RPA solution, as seen in Figs. 1,2 . In fact standard RPA works surprisingly well in the deformed region, a fact which seems to be a constancy in all the models we have investigated so far [28, 29] .
Third, in the deformed region it does not seem easy to identify the third SCRPA eigenvalue with any of the exact solutions. Therefore, in spite of satisfying the Goldstone theorem, the interpretation of SCRPA seems less clear in the deformed region than it appears in the spherical one. However, the situation may be less unsatisfactory than it appears at first sight.
As usual with a continuously broken symmetry also in the present model a clear rotational band structure is revealed, as can be seen by inspecting Figs. 1,2 . The exact solution, found by a diagonalisation procedure, has a definite angular momentum projection L 0 . Moreover the expectation value of the L 2 0 operator has integer values, namely
The first "rotational band" J = 0, 1, 2, ... is built on top of the RPA excitation with a vanishing energy (Goldstone mode). The second "band-head" corresponds to the second RPA mode (dashed curve) and the corresponding members of this "excited band" have a different slope with respect to the "ground band". On the same figures one can also see a third "rotational band". As customary in RPA theory one also can evaluate the mass parameter of the rotational band within SCRPA. By a straightforward generalisation we obtain for the moment of inertia (see e.g. Ref. [1, 5] ) For the standard RPA case, by using the matrix elements given by (3.6) , and N 20 = N , one obtains an analytical solution, namely
In Fig. 11 we show by a solid line the above moment of inertia calculated with RPA for N = 20 and in Fig. 12 with SCRPA. The comparison with the "exact" mass parameter fitted from the exact spectrum is also given by dashed curves. From the dot-dashed lines, giving their ratio, we see that the SCRPA mass is slightly closer to the "exact" value than the corresponding RPA value. This is also manifest when comparing the rotational energies, as in Fig. 13 . Here we plotted by dashes the SCRPA spectrum and by solid lines the "exact" values. One therefore sees that one can recover rather clearly the precise position of the lowest energy value and therefore the discontinuity, at least of the first excited state, in crossing the phase boundary, is much less pronounced, than the one which is seen in Figs. 4, 5 . One may think that the same upward shift should also be observed for the second SCRPA eigenvalue (the band head of the second rotational band) bringing it in a close agreement with the exact solution. It then appears that one can use SCRPA with scattering terms in the same way as standard RPA with all usual properties conserved. Let us mention that even in r-RPA the Goldstone mode appears when the scattering terms are considered. This is shown in Fig. 6 . Note, however, that in the spherical region the third r-RPA eigenvalue also comes almost zero value. The reason for this was discussed above.
F. The occupation numbers
The reproduction of energies may not be the most sensitive indicator for the performance of a theory. Usually wavefunctions are much more demanding in this respect. We therefore calculated for ∆ǫ = 0.001 the occupation numbers which reflect more directly the quality of the wave function, since they are not obtained from a minimisation procedure, as the energies.
In Figs. 14, 15 we show the SCRPA results for 0|ρ 0 |0 , 0|ρ 1 |0 and 0|ρ 2 |0 according to Eq. (2.43). We see that in the spherical region the SCRPA densities (solid lines) are rather close to the exact values (dashes) for χ-values up to slightly above one. This is, of course, much better than standard RPA (not shown) which breaks down, as the energies, well before χ = 1, but the region 1 ≤ χ ≤ 2 remains not well reproduced. On the contrary in the deformed region the SCRPA results are excellent. It is somewhat unexpected to see that the occupation numbers of the two upper but degenerated levels are not equal but their averaged sum very well reproduce the exact occupancy of the two upper levels (dotted lines in Figs. 14, 15) . Therefore the SCRPA wavefunction performs well in the deformed region.
IV. CONCLUSIONS
In this paper we studied various aspects of the SCRPA in the three level Lipkin model. With respect to the two level Lipkin model, the three level version has the advantage of allowing for a continuously broken symmetry on the mean field level with the appearance of a Goldstone mode. One major objective of the present work therefore was to investigate whether in SCRPA the very desirable properties of standard RPA concerning exact restoration of symmetry and fullfillment of conservation laws can also be maintained. We found out that this is indeed the case under the condition that the symmetry operator is fully included in the RPA operator as a particular solution. In our model this implies that the RPA operator contains in addition to the usual ph and hp components a † p a h and a † h a p also the so-called anomalous or scattering terms a † p a p ′ and a † h a h ′ . With a correlated ground state the inclusion of such terms is perfectly possible since the occupation numbers are now different from one and/or zero and mathematically the situation becomes similar to the finite temperature RPA case, where also pp ′ and hh ′ components are allowed. However, it was found in this work that the inclusion of such scattering terms is not without problem. For example pp ′ (hh ′ ) configurations can imply very small energy differences ǫ p − ǫ p ′ ≈ 0 and therefore for small interaction very low-lying roots may be found in the spectrum which are absent in the exact solution. In our model it turned out that this is the case only in the approximate, so-called renormalised version of SCRPA. On the contrary, in the full SCRPA the eigenvalue which is linked to the inclusion of scattering terms corresponds to a 2p-2h state of the exact spectrum. This is true in the "spherical" region whereas in the symmetry broken phase the third eigenvalue does not seem to have any precise correspondent in the exact solution. In the symmetry unbroken phase the elimination of the anomalous terms has an insignificant influence on the reminder of the spectrum. In the symmetry broken phase this inclusion is crucial to produce the Goldstone mode at zero energy, otherwise this state is pushed up to quite high energy with no equivalent in the exact spectrum. We also calculated the moment of inertia of the rotational band which works in SCRPA (with scattering terms) in a way very analogous to standard RPA. Very good agreement with the exact solution is found. Therefore the present formulation of SCRPA allows to maintain all the formal and desirable properties of standard RPA. There is only one unpleasant feature which is that SCRPA solutions do not join smoothly when passing from the symmetry unbroken to the symmetry broken phase. Whether this can be improved upon remains to be seen in future work. A further very attractive feature of SCRPA is the fact that it solves any two body problem exactly. This is contrary to the usual where many body approximations deteriorate when decreasing the number of particles.
Quite remarkably the SCRPA solution exists in the symmetry unbroken single particle basis well beyond the phase transition point given by the standard RPA and the excited state is well approximated in all this region. For N = 10 and N = 20 at a certain strength χ crt ≈ 2χ crt , where χ crt is the value where standard HF becomes unstable, SCRPA also jumps to the deformed solution. A similar behaviour of SCRPA has already been found for other models.
Though the appearance of the Goldstone mode is a very desirable feature, since this signals that conservation laws and sum rules are fulfilled, it turned out that in the deformed region, contrary to the "spherical" one, the SCRPA only very slightly improves over standard RPA and both, SCRPA and standard RPA are quite close to the exact solution. Again this is a feature which also has been found in other models. It seems that the common wisdom that "deformation" sums already a lot of additional correlations in standard RPA is born out here.
We therefore can summarize the studies of SCRPA in various models in the following way: in the symmetry unbroken regime SCRPA works excellently, yielding simultaneously very good ground state and excitation energies. One can work in the spherical basis beyond the usual transition point given by the instability of the standard HF solution. This "beyond" depends on the number of particles and the model. SCRPA solves a general two particle system exactly.
In the deformed region SCRPA does not seem to improve very much over standard "deformed" RPA. However, all formal properties of standard RPA are maintained with SCRPA when the scattering terms are included. For example for nuclei SCRPA will give a Goldstone mode restoring translational invariance. The transition from "spherical" to "deformed" is discontinuous, which is an unpleasant feature. It is not evident that the inclusion of scattering components in the spherical region improves the results. It also should be mentioned that the appearance of the Goldstone mode in SCRPA is only guaranteed when the symmetry operator does not contain any diagonal components as a † i a i , since those terms cannot be included in the RPA operator. Such a situation occurs for example in the case of particle number violation [5] .
Appendix A SCRPA in two steps
The SCRPA system of equations (2.25) and the normalisation condition for amplitudes can be written in a matrix form respectively as follows
Here we introduced some short-hand notations
Here the matrices a, b are defined by Eq. (2.29). We used the amplitudes X relative to the initial generators A mi defined by Eq. (2.35) and also the SCRPA matrices defined by Eq. (2.29). We also introduced similar to (2.37) amplitudes X . N is the diagonal metric matrix N k δ kl , where we used for the basis indices the notation (mi) → k
SCRPA equations are written as
in terms of the SCRPA matrix relative to X amplitudes
From the normalisation condition one derives the inverse amplitude matrix
giving the following resolution of the unity
Let us split the SCRPA matrix into two parts: the r-RPA matrix plus a fluctuation
where δS = S − S 0 . The r-RPA system of equations and the normalisation condition are given by
We should stress on the important fact that our calculation is selfconsistent because we use the SCRPA set of amplitudes in deriving the metric matrix N in the r-RPA system of equations. We insert the unity operator written in terms of r-RPA amplitudes 10) in front of X amplitudes of the left hand side Eq. (A.1). By using r-RPA equations (A.9) one gets
We multiply this relation to the left with X
One finally obtains a standard system of RPA equations
with the normalisation condition for new amplitudes
In particular one has
This is an RPA system of equations with r-RPA energies on the diagonal. It corresponds to a new representation of the SCRPA phonon
in terms of r-RPA phonons
The formulation of SCRPA, where the division by the norm matrix N has disappeared, has the important formal aspect that one sees that the division by eventual very small numbers or even zero, contained in N , in reality does not exists. This is also born out by our three component SCRPA solution treated in the main text.
Appendix B Operator expansion method for densities
In order to find the coefficients of the expansion (2.40) it is possible to use the resolution of unity method [30, 31] . We proceed in a more direct way by computing the matrix elements with respect the complete basis (2.39). One obtains a lower triangular system of equations
2)
The solution of this system is given by the following recurrent relation
Let us consider the HF ansatz of the vacuum, defined by
The coefficients of the system (B.1) are given in a straightforward way
We give the solutions of this system for n 1 + n 2 ≤ 2
where m = 1, 2. These expansions are very convergent. Indeed, this can be seen in Table 3 , where there are given the expansion coefficients c n1n2 (k 0 k 1 k 2 ) with n 1 + n 2 ≤ 2 for N = 10. In order to find the normalisation factors N i0 using the expansion (2.40) up to n 1 + n 2 ≤ 2 we need the expectation values for the following products of operators For n 1 + n 2 ≤ 2 one obtains the following system in terms of the expansion coefficients in Eq. (B.8) Table 3 The expansion coefficients c n1n2 (k 0 k 1 k 2 ) in Eq. (2.40) with n 1 + n 2 ≤ 2 for N = 10. 
